AN INEQUALITY BETWEEN DEPTH AND STANLEY DEPTH 



DORIN POPESCU 

Abstract. We show that Stanley's Conjecture holds for square free monomial ideals in 
five variables, that is the Stanley depth of a square free monomial ideal in five variables 
is greater or equal with its depth. 



Introduction 

Let S = K\ polynomial ring in n variables over a field K and M a 

finitely generated multigraded (i.e. Z"-graded) S-module. Given m € M a homogeneous 
element in M and Z C {xi, . . . , let mK[Z] C M be the linear iC-subspace of all 
elements of the form mf, f £ K[Z]. This subspace is called Stanley space of dimension 
|Z|, if mK[Z] is a free ii'[Z]-module. A Stanley decomposition of M is a presentation of 
the vector space M as a finite direct sum of Stanley spaces T) : M = miK[Zi]. 
Set sdepthP = min{|Zj| : i = 1, . . . , r}. The number 

sdepth(M) := max{sdepth(I') : P is a Stanley decomposition of M} 

is called Stanley depth of M. R. Stanley jl2l Conjecture 5.1] gave the following conjecture. 

Stanley's Conjecture sdepth(M) > depth(M) for all finitely generated Z'^-graded 
iS-modules M. 

Our Theorem 11.61 completely based on [8], shows that the above conjecture holds when 
dim5 M < 2. U n < 5 Stanley's Conjecture holds for all cyclic S-modules by jpLj and [HI 
Theorem 4.3]. 

It is the purpose of our paper to study Stanley's Conjecture on monomial square free 
ideals of S, that is: 

Weak Conjecture Let / C 5" be a monomial square free ideal. Then sdepth^ / > 
depth^ /. 

Our Theorem 12.71 gives a kind of inductive step in proving the above conjecture, which 
is settled for n < 5 in our Theorem 12. 11[ Note that the above conjecture says in fact that 
sdepth^' / > 1 + depth^ S/I for any monomial square free ideal / of S. This remind us a 
question raised in [10], saying that sdepth^ / > 1 + sdepth^ S/I for any monomial ideal 
/ of S. This question is harder since there exist few known properties of Stanley depth 
(see [5], [9], [6], [in|)) which is not the case of the usual depth (see [2], [l3]). A positive 
answer of this question in the frame of monomial square free ideals would state the Weak 
Conjecture as follows: 

sdepth_5 / > 1 + sdepth^ S/I > 1 + depth^^ S/I = depth_5 /, 

the second inequality being a consequence of jSl Theorem 4.3], or of our Theorem 11.61 
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1. Some inequalities on depth and Stanley depth 

Let S = K\ xi, . . . , Xn] be a polynomial ring over a field K , I (Z S a monomial ideal. A. 
Rauf stated in [lOj the following two results: 

Proposition 1.1. depth^ S/{I,Xn) > depth5 S/I—l. 

Corollary 1.2. depth^ : v) > depth^^ S/I for each monomial v ^ I. 

It is worth to mention that these results hold only in monomial frame. One could 
think about similar questions on Stanley depth. An analog of the above proposition in 
the frame of Stanley depth is given by [TO]. The following proposition can be seen as a 
possible analog of the above corollary. 

Proposition 1.3. sdepth^ (I ■ v) > sdepth^ / for each monomial v ^ I. 

Proof. By recurrence it is enough to consider the case when u is a variable, let us say 
V = Xn- Let V : I = ®l^iUiK[Zi\ be a Stanley decomposition of / such that sdepth V = 
sdepth_5 /. We will show that 

V : {I: Xn) = (e^„|„, iui/xn)K[Zi]) © {(Bu,^i^„),x„eZ, UjK[Zj]) 

is a Stanley decomposition of (/ : x„). Lideed, if a is a monomial such that a;„a € / then 
we have x„a = UiWi for some i and a monomial Wi of K[Zi]. If Xn J(ui then Xn\wi and so 
Xn ^ Zi. If Xn\ui then a = {ui/ Xn)wi, which shows that 

(/ : Xn) = {Ui/Xn)K[Z^]) + iT.^^^(a^,^),x„eZ, UjK[Zj]). 

Remains to show that the above sum is direct. If Xn\ui, uj (xn), Xn € Zj and UjWj = 
{ui/xn)wi for some monomials Wj G K[Zj], Wi E K[Zi] then Uj{xnWj) = UiWi belongs to 
UiK[Zi] n UjK[Zj], which is not possible. 

Thus V is a Stanley decomposition of (/ : Xn) with sdepth V > sdepth V = sdepth^ /, 
which ends the proof. □ 

Next we present two easy lemmas necessary in the next section: 

Lemma 1.4. Let I C J, I ^ J be some monomial ideals of S' = K[xi, . . . Then 

sdepth_5 JS'/x„/S' > minjsdepthg JS'/JS', sdepth^/ /}. 

Proof. From the filtration XnIS C IS C JS we get an isomorphism of linear K-s^aces 
JS/xnIS ^ JS/IS © IS/ XnIS . It follows that 

sdepth^ JS'/x„/S' > minjsdepthg JS'//^, sdepth^ IS/xnIS}. 

To end note that the inclusion / C IS induces an isomorphism of linear A'-spaces I = 
/S/xn/S, which shows that sdepth_5/ / = sdepth^ IS/xnIS. □ 

Lemma 1.5. Let I C J, I ^ J be some monomial ideals of S' = K[xi, . . . and 
T = {I + XnJ)S. Then 

(1) 

sdepth T > minjsdepth^/ /, sdepth^ JS}, 

(2) 

sdepth T > minjsdepth^. J5'//5', sdepthg IS}. 
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Proof. Note that T = / © XnJS as linear X-spaces and so (1) holds. On the other hand 
the filtration C IS C T induces an isomorphism of linear ET-spaces T = IS © T/IS and 
so 

sdepth T > minjsdepth^ T/JS", sdepth^ IS}. 

Note that the multiplication by Xn induces an isomorphism of linear if-spaces JS/IS = 
T/IS, which shows that sdepth^ T/IS = sdepth^^ JS/IS. Thus (2) holds too. □ 

An important tool in the next section is the following result, which unifies some results 
from [Sj. 

Theorem 1.6. Let U,V be some monomial ideals of S such that U C V , U ^ V . If 
dims V/U < 2 then sdepth^ V/U > depth^ V/U. 

Proof. If V/U is a Cohen-Macaulay S- module of dimension 2 then it is enough to apply 
P Theorem 3.3]. If dims V/U = 2 but depths V/U = 1 then the result follows from P 
Theorem 3.10]. If dims V/U < 1 then we may apply [7, Corollary 2.2]. □ 

Corollary 1.7. Let S = K[xi,X2,X3], IcJ,Oj^Iy^Jbe two monomial ideals. Then 
sdepths J/I > depths J/ 1. 

For the proof note that depths J/I < dims S/I < 2 and apply Theorem 11.61 

2. A HARD INEQUALITY 

Let S' = K\ xi, . . . , Xn— i] be a polynomial ring in n — 1 variables over a field K , S — 
S"[xn] and U,V C S' , U C V two homogeneous ideals. We want to study the depth of 
the ideal W = {U + XnV)S of S. Actually every monomial square free ideal T oi S has 
this form because then (T : x„) is generated by an ideal V C S' and T = ([/ + XnV)S for 

u = TnS'. 

Lemma 2.1. Suppose that U ^ V and r = depthgi S' /U = depth^/ S' /V . Then 
r = depth^/ V/U if and only if r = depthg S/W. 

Proof. Set r = depth^/ S' /U and choose a sequence /i, . . . , of homogeneous elements 
of nin-i = (xi, . . . ,x„_i) C S", which is regular on S' /U, S' /V and V/U simultaneously. 
Set C7 = ([/, /i, . . . , fr), V = (y, fi, . . . , fr)- Then tensorizing by S'/{fi, . . . , fr) the exact 
sequence 

^ V/U S'/U S'/V 

we get the exact sequence 

^ V/U ©s' 57(/i, • • • , /r) ^ S'/U ^ S'/V ^ 

and so V/tJ ^ V/U ©s' S'/{fi, . . . Jr) has depth 0. 

Note that fi, ■ ■ ■ , fr is regular also on S/W and taking W = W + (/i, . . . , fr)S we get 
depth_5 S/W = depth^ S/W + r. Thus passing from U, V, W to U, V, W we may reduce 
the problem to the case r = 0. 

If depth^./ V/U = then there exists an element v & V \ U such that {U : v) = 
Thus the non-zero element of S/W induced by v is annihilated by m-n-i and x„ because 
V eV. Hence depth^. S/W = 0. 

If depth^/ V/U > there exists a homogeneous regular element a for V/U in the 
maximal ideal of S' of degree 1 (we may reduce to the case when K is infinite) . We show 
that x„ + a is regular for S/W. Let w = S|^QX^t;j for some elements Vi of S' such that 
(x„ + a)w E W. It follows that ovq G U, {vq + avi) G V, . . . , {vs-i + avs) G V , Vg G V and 
so Vi G V for all i. Then vq G U because a is regular on V/U, that is w G W. □ 
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Example 2.2. Let n = A, V = {xi,X2), U = V Ci (xijX^) be ideals of S' = K[xi,X2,X3] 
and W = {U + XiV)S. Then {xs — X2} is a maximal regular sequence on V/U and on 
S/W as well. Thus depthg, V/U = depth^, S' /U = depth^, S' /V = depth^ S/W = 1. 

Lemma 2.3. Zei I,JcS',IcJ,Iy^Jbe two monomial ideals, T = (I + XnJ)S such 
that 

(1) depth^, S'/I = depths S/T - 1, 

(2) sdepth^, / > 1 + depths, 5'//, 

(3) sdepth^, J/I > depths, J /I. 
Then sdepth_5 T > 1 + depth^ S/T. 

Proof. By Lemma 11.51 we have 

sdepthg r > 1 + minjsdepth^/ /, sdepth^/ J//} > 1 + min{l + depth^/ S'/I., depth^/ J/I} 

using (3), (2) and [5", Lemma 3.6]. Note that in the following exact sequence 

^ S/JS = S/{T : Xn) ^ S/T S/{T, Xn) ^ S'/I 

we have depth^ S/JS = depth^/ S'/I + 1 because of (1) and the Depth Lemma fL3\ 
Lemma 1.3.9]. Thus depth^^/ S'/I = depthg, S'/J. As depth^./ S'/I 7^ depth^ S/T we 
get depth^/ S' / 1 ^ depthg, J/I by Lemma [27T1 But depth^/ J// > depth^/ S"// because 
of the Depth Lemma applied to the following exact sequence 

0^ J/I ^ S'/I S'/J 0. 

It follows that depthg/ J/I > 1 + depth^/ S'/I and so 

sdepthg T > 2 + depth^., S'/I = 1 + depthg S/T. 

□ 

Remark 2.4. The above lemma introduces the difficult hypothesis (3) and one can hope 
that it is not necessary at least for square free monomial ideals. It seems this is not the 
case as shows somehow the next example. 

Example 2.5. Let n = 4, J = (xiX3,X2), / = (xiX2,xiX3) be ideals of S' = K[xi,X2,X3] 
and T = (/ + XiJ)S = (xi, X2) H (x2, X3) n (xi, X4). Then {X4 — X2, X3 — Xi} is a maximal 
regular sequence on S/T. Thus depth^ S/T = 2, depth^^/ S'/I = depth^./ S'/J = 1. 

Lemma 2.6. Let I , J C S' , I C J , I ^ J be two monomial ideals, T = (I + XnJ)S such 
that 

(1) depth^, S'/I / depths S/T - 1, 

(2) sdepth^, / > 1 + depthg, S'/I, sdepth^, J > 1 + depth^, S'/J. 
Then sdepth^ T > 1 + depth^g S/T. 

Proof. By Lemma 11.51 we have 

sdepth^ T > min{sdepth_5/ 1,1 + sdepth^/ J} > 1 + minjdepth^./ S'/I, 1 + depth^/ S'/J} 

using (2). Applying Proposition ll.ll we get depth^/ S'/I = depth^ S/ (T, Xn) > depth^ S/T— 
1, the inequality being strict because of (1). We have the following exact sequence 

^ S/JS = S/{T : Xn) ^ S/T S/{T, x„) ^ S'/I 0. 

If depth^/ S'/I > depth^ S/T then depth5 S/JS = depth5 S/T by Depth Lemma and so 

sdepthcj T > 1 + min{depth5, S'/I, depth^ S/JS} = 1 + depth^ S/T. 
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If depth^/ S' /I = depth^S/T then depth^^/JS' > depth^; S' /I again by Depth Lemma 
and thus 

sdepthg T > 1 + depth^, S'/I =1 + depth^ S/T. 

□ 

Theorem 2.7. Suppose that the Stanley's conjecture holds for factors V/U of mono- 
mial square free ideals, U,V d S' = K[xi, . . . , Xn^i ], U C V, that is sdepth^., V/U > 
depth^g/ V/U. Then the Weak Conjecture holds for monomial square free ideals of S = 
K[xi, . . . ,Xn]. 

Proof. Let r < n be a positive integer and T C Sr = K[xi, . . . , Xr] a monomial square free 
ideal. By induction on r we show that sdepth_5^ T > l+depth^^ Sr/T, the case r = 1 being 
trivial. Clearly, (T : Xr) is generated by a monomial square free ideal J C Sr-i containing 
I = T n Sr^i. By induction hypothesis we have sdepth^^ .^ / > 1 + depth^^ .^ S^-i/I, 
sdepth_5^_^ J > 1 + depth^^ .^ Sr-i/J. li I = J then T = IS, Xr is regular on Sr/T and 
we have 

sdepth^^ T = 1 + sdepth^^_^ / > 2 + depth^^^ .^ S'^._i// = 1 + depth^^ Sr/T, 

using [3 Lemma 3.6]. Now suppose that I ^ J. If depth^.^ .^ Sj—i/I 7^ depth^^ Sr/T — 1, 
then it is enough to apply Lemma \2M If depth^^ .^ Sr-i/I = depth_5^ Sr/T — 1, then 
apply Lemma 12.31 □ 

Corollary 2.8. The Weak Conjecture holds in S = K[xi, . . . ,X4]. 

Proof. It is enough to apply Lemmas 12.31 12.61 after we show that for monomial square free 
ideals I,J C S' = K[xi, . . .,X3], I C J, I ^ J, T = {I + XiJ)S with depthg, S'/I = 
depth^ S/T — 1, we have sdepth^/ J /I > depth^/ J/L But then 1^0 because otherwise 
depth^. S/T < 3 = depth^/ S'/I, which is false. Thus dim5/ J/I < 2 and we may apply 
Corollary O □ 

Lemma 2.9. Let I, J C S = K[xi, . . . , X4], IC.J,O^I^Jbe two monomial square free 
ideals such that all the prime ideals of AsssJ/I have dimension 3. Then sdepth_5 J/I > 
depth^ J/I. 

Proof. We have I = J Ci U, where U = rigeAss, j/i Q- By hypothesis each such Q has 
height 1 and is generated by a variable. Thus U is principal, let us say U = (/) for some 
square free monomial / of S. Then J/I = ( J + if))/ if) and changing J by J + (/) we 
may suppose I = (/) and dim S/ J < 3. We show that depth^ S/ J < depthg S/ (J + (xj)) 
for some i. If depth^ S/J = 2 then S/J is a Cohen-Macaulay ring of dimension 2, take a 
prime p of Assg S/J, let us say p = {xi,X2). Then 

J+ (Xi) = nq(zAsss S/J, xieq (xi,X3,X4) 

if (x3,X4) G AsssS/J, otherwise J+ (xi) = riggAssgS/j, xi€q Q- Indeed if g € AsssS/J 
contains X2 then q + (xi) D p and can be removed from the intersection. If (x3,X4) € 
Asss S/J then necessary Asss S/J contains a prime {xi,Xj), or (x2,Xj) for some j = 3,4 
because otherwise S/J is not Cohen-Macaulay. In the first case we may remove (xi, X3, X4) 
from the intersection, in the second case we may consider J + (X2). Thus renumbering 
the variables we may suppose that J + (xi) is an intersection of ideals of the form (xi,Xj) 
for some j > 1 and clearly depths S/ J = depth^^ S/ (J + (xi)) = 2. If depth^ S/J=l and 
depthg S/ ((xi) + J) = then we must have J = (x2, . . . , X4) and so (X2) + J = J. 
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From the exact sequences: 

^ J/(/) ^ S/{f) ^S/J^O 
^ ( J + ixi))/{xi) ^ S/{xi) ^ S/iJ + (xi)) ^ 

we get 

depth5(J + {xi))/{xi) = 1 + depths S/{J + (xi)) > 1 + depth^ S/J = depth^ J/(/). 

Apply induction on d = deg /. If d = 1 then f = Xi and we may apply Theorem 12.71 
for the ideal (J + C S' = S/{xi). Suppose d> 1. We have the following exact 

sequence 

^ ( J n (x,))/(/) ^ J/(/) ^ J/( J n (xi)) ^ ( J + {xi))/{xi) ^ 0. 

But (J n {xi))/{f) ^ (J : Xi)/{f'), where /' = //x^. As deg/' = d - 1 we may apply the 
induction hypothesis to get 

sdepth5(Jn (x,))/(/) > depth5(Jn (x,))/(/) > depths J/(/), 

as Depth Lemma gives from the above exact sequence. Thus 

sdepthc. J/(/) > min{sdepths ( J n (x,))/(/), sdepthg ( J + (xi))/(x,)} > 

min{depth5 J/(/), depths ( J + (xi))/(xi) > depth^ J/{f) 
by [lO] and Theorem O □ 

Proposition 2.10. Let I,J C S = K[xi, . . . 5X4], IcJ,Oj^I^Jbe two monomial 
square free ideals. T/ien sdepth_5 J/J > depthg J/ 1. 

Proof. If depth J// = 1 then Stanley's Conjecture holds by [3], [1]. If depth J// = 3 we 
may apply Lemma [2.91 Suppose that depth^ J/J = 2. Let J2/I, / C J2 C J be the 
largest submodule of J /I of dimension < 2 (see Schenzel's dimension filtration [11]). We 
have Asss J/J2 = {Q G Ass^ J/ 1 : dimQ = 3} and sdepthg J/J2 > depth^ J/J2 
by Lemma [2.91 As sdepthg J/I > minjsdepth^ J2//, sdepth^ J/J2} by [10] we get 
sdepth^ J/I > minjdepth^ J2//,depth5 J/J2} applying Theorem 11.61 and it is enough 
to see that the last minimum is > 2. 

Now note that J is not the maximal ideal, otherwise depth^ J/I < 2. Thus depthg S/J> 
0. As in the proof of Lemma [2.91 we may suppose J2 = Jfl (/) for some square free mono- 
mial / of S. Thus from the exact sequence 

^ J/J2 S/{f) ^S/J ^0 

we get depth J/ J2 > 2 using Depth Lemma. The same argument says that depth J2// > 2 
using the following exact sequence 

^ J2/I J/I J/J2 0. 
□ 

Theorem 2.11. The Weak Conjecture holds in S = K[xi, . . . ,X5]. 

For the proof note that Proposition 12.10] gives what is necessary in the proof of Theorem 
12.71 to pass from S4 to S5. 
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